AP® CALCULUS AB/CALCULUS BC
2016 SCORING GUIDELINES

Question 1
! 0 1 3 6 8
(hours)
. R(?) 1340 1190 950 740 700
(liters / hour)

Water is pumped into a tank at a rate modeled by W (¢) = 2000e_t2 f20 liters per hour for 0 < ¢ < 8, where ¢ is
measured in hours. Water is removed from the tank at a rate modeled by R(¢) liters per hour, where R is
differentiable and decreasing on 0 < ¢ < 8. Selected values of R(¢) are shown in the table above. At time

t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R'(2). Show the work that leads to your answer. Indicate units of measure.

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest liter,
at the end of 8 hours.

(d) For 0 <7 <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.

_ _ 1 : estimat
(@ R(2)~RC)ZRW) 9501190 _ 150 jiserony? g | | esimate
3-1 3-1 1 : units
8
(b) The total amount of water removed is given by J.o R(¢) dt. 1 : left Riemann sum
3 3:< 1:estimate
J.o R(t)dt ~1-R(0)+2-R(1) +3-R(3) +2-R(6) 1 : overestimate with reason
= 1(1340) + 2(1190) + 3(950) + 2(740)
= 8050 liters
This is an overestimate since R is a decreasing function.
8
(c) Total ~ 50000 + jo W(t) dt — 8050 ) { 1 : integral
= 50000 + 7836.195325 — 8050 ~ 49786 liters 1: estimate
(d wW(0)-R(0)>0, W(8)—R(8) <0, and W(t)— R(t) is 5. 1 : considers W (t) — R(t)
continuous. " | 1: answer with explanation
Therefore, the Intermediate Value Theorem guarantees at least one
time #, 0 < ¢ <8, for which W(z) — R(t) = 0, or W(t) = R(¢).
For this value of ¢, the rate at which water is pumped into the tank
is the same as the rate at which water is removed from the tank.
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(hours)
R(t)
(liters / hour)

1340 1190 950 740 700

1. Water is pumped into a tank at a rate modeled by W(z) = 20006~/ titers per hour for 0 <'t < 8, where ¢
is measured in hours. Water is removed from the tank at a rate modeled by R(t) liters per hour, where R is
differentiable and decreasing on 0 < ¢ < 8. Selected values of R(t) are shown in the table above. At time
t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R’(2). Show the work tt;at leads to your answer. Indicate units of measure.
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(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of"
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer. ’ )
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(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest
liter, at the end of 8 hours.

fzo —% 36,000 L N | |
Tott Loy 56, @m‘f(f%&«f[&}gé 54‘6 ggg;é;é)}'.f‘
fwm;a 757¢. 3%32‘15% | |

Totel Leed o5y, 9@90%(7—636 M;ﬂ;z“ = gcjsé)

(d) For 0 <t <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.
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1. Water is pumped into a tank at a rate mo t) = 2000e™ / uiters per hour for 0 < ¢ < 8, where g~
is measured in hours. Water is removed from the tank at a rate modeled by R(z) liters per hour, where R is )

differentiable and decreasing on 0 < ¢ < 8. Selected values of :R(¢) are shown in the table above. At time
t = 0, there are 50,000 liters of water in the tank.
———— L e g

(a) Estimate R'(2). Show the work Zhat leads to your answer. Indicate units of measure.
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(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total

amount of water removed? Give a reason for your answer. C7 RS S0
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(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest
liter, at the end of 8 hours.
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(d) For 0 <t <38, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not. ‘
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1. Water is pumped into a tank at a rate modeled by W (¢) = 2000e“’2 /20 liters per hour for 0 < 7 < 8, where ¢
is measured in hours. Water is removed from the tank at a rate modeled by R(r) liters per hour, where R is

~ differentiable and decreasing on 0 < ¢ < 8. Selected values of R(¢) are shown in the table above. At time
t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R’(2). Show the work that leads to your answer. Indicate units of measure.

' Z
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(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during'the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

) (‘)"5%3) + 2(‘)140) + 2 ase) (me) =7)270 t’f—\a,/r’s___,_
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(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest
liter, at the end of 8 hours.
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(d) For 0 <t <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.
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AP® CALCULUS AB/CALCULUS BC
2016 SCORING COMMENTARY

Question 1
Overview

In this problem students were given a function W that models the rate, in liters per hour, at which water is

pumped into a tank at time ¢ hours. They were also given a function R that models the rate, in liters per hour, at
which water is removed from the tank. W is defined as an exponential function on the interval 0 < ¢ < 8, and R
is differentiable and decreasing on 0 < ¢ < 8. Selected values of R(t) are given in a table. The amount of water

in the tank, in liters, at time ¢ = 0 is given. In part (a) students needed to estimate R'(2) by calculating the value

of an appropriate difference quotient based on the values in the table. Units of liters/hr? are required. In part (b)
8

students needed to use a left Riemann sum approximation for Jo R(t) dt to estimate the total amount of water

removed from the tank during the interval 0 < ¢ < 8. Students needed to use the appropriate function values from
the table with the four subintervals [0, 1], [L, 3], [3, 6], and [6, 8]. By applying the given information that R is
decreasing, students needed to conclude that the left Riemann sum approximation is an overestimate. In part (c)
students needed to estimate the total amount of water in the tank at time ¢ = 8. This required adding the amount
of water in the tank at time # = 0 to the amount of water pumped into the tank during the interval 0 < ¢ < 8, and

8
then subtracting the overestimate found in part (b). The definite integral Io W(t) dt gives the amount of water

pumped into the tank during the interval 0 < ¢ < 8 and is evaluated using the calculator. In part (d) students
needed to apply the Intermediate Value Theorem to W (t) — R(¢). This theorem guarantees at least one time ¢ on

the interval 0 < ¢ < 8 for which W (t) — R(¢) = 0 or W(t) = R(t). For this value of ¢, the rate at which water is
pumped into the tank is the same as the rate at which water is removed from the tank.

Sample: 1A
Score: 9

The response earned all 9 points.

Sample: 1B
Score: 6

The response earned 6 points: 2 points in part (a), 3 points in part (b), 1 point in part (c), and no points in part (d).
In parts (a) and (b) the student’s work is correct. In part (c) the student earned the first point for the correct
definite integral. The student did not earn the second point for the estimate because of an arithmetic error. In

part (d) the student earned no points.

Sample: 1C
Score: 3

The response earned 3 points: no points in part (a), 1 point in part (b), 2 points in part (c), and no points in

part (d). In part (a) the student calculates an estimate using an incorrect interval, and the units are incorrect. In part
(b) the student has a correct left Riemann sum and earned the first point. The student has an incorrect estimate and
does not support the answer of an overestimate with a valid reason. In part (c) the student earned the first point for
the definite integral. The estimate is consistent with the student’s estimate from part (b), so the second point was
earned. In part (d) the student earned no points.
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2016 SCORING GUIDELINES

Question 2

At time ¢, the position of a particle moving in the xy-plane is given by the parametric functions (x(#), y(?)),

where % =1+ sin(3t2 ) The graph of y, consisting of three line segments, is shown in the figure above.
At ¢ = 0, the particle is at position (5, 1).

(a) Find the position of the particle at ¢ = 3.

(b) Find the slope of the line tangent to the path of the particle at ¢ = 3.

(c) Find the speed of the particle at ¢ = 3.

(d) Find the total distance traveled by the particle from ¢ = 0 to ¢ = 2.

3
(@ x(3)=x(0)+ .[0 x'(t)dt =5+9.377035 = 14377 1 : integral
1 3: < 1 :uses initial condition
y(3) = ) 1 : answer

The position of the particle at + = 3 is (14.377, —0.5).

YB3 _ 05 .
(b) Slope = v(3) ~ 9956376 0.05 1 : slope

1 ion for speed
(© Speed = {(x'(3))? + (»'(3))> =9.969 (or 9.968) 2 { CXPIESSION 10T spee

1 : answer

2
(d) Distance = Io \/(x’(t))2 +('(1)) dt 1 : expression for distance

1 2 3:4 1:integrals
= [ V) + (227 dr+ [ N (0)* + 07 de |
= 2.237871 + 2.112003 = 4.350 (or 4.349)

. anSwer
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2. Attime ¢, the position of a particle moving in the xy-plane is given by the parametric functions (x(z), y(z)),
where %—: =2+ sin(3t2). The graph of y, consisting of three line segments, is shown in the figure above.
At t = 0, the particle is at position (5, 1).

(a) Fmd the position of the particle at ¢ = 3

2 <fb\.377“9«,5>
tﬁ% y=~2 N

&+ f(g ﬁ—s\r\(ab’-\\)d{: = A—i 2717

(b) Find the slope of the line tangent to the path of the part1cle at t = 3.

dy ‘CCLTYQ .1 ‘2 - V,{_ﬂ.,
t=3 7 ‘ a——i - _&_— -
e 32 +5in(3(3*))

*f =-0:5 o+l o 0 |
‘ ’ o e B
W= T %\i—k = 2 = & CI""S\WN ’@

G +8in 2T
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(c) Find the speed of the particle at ¢ = 3.

speb = (EV ()

speed = |(q+ sinaty * (2

u,/ £ima

spiid @ =3 | 9.0

(d) Find the total distance traveled by the particle from ¢ = 0 to t = 2.

b
™ = £J<%>L b %\é)z
"

, - a8

Th | = ,J-( Er sin(3e))” + (2% t

o) > : | -
| \/ JTV% s ()T + (0
N |

)

Fp = 4,350 units
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2. At time f, the position of a particle moving in the xy-plane is given by the parametric functions (x(z), y(£)),
where %iixt— =1+ sin(3t2). The graph of y, consisting of three line segments, is shown in the figure above.
At t = 0, the particle is at position (5, 1).

(a) Find the position of the particle at t = 3.
t=37 = y= —085 fr gro¢"

L f(p-mmcm?)}»/t to§
. b

y = 4.377

(b) Find the slope of the line tangent to the path of the particle ét t=3.

Ay R 2V ol A
W - 5«/7‘// L/C«

ey R R "
Cﬂé/(_:? 4 -2 - z

. 3Ttem (3370 < eS8 TTE

Y
wt \Ke?d

dy  qeseEes @
/ - e ———— —
A -
%G
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(c) Find the speed of the particle at ¢ = 3.

ST . - ﬂ’f ' B o '
}‘>3 - C,_&.’L_)[sy) € et ( .—,3.>:2

T

= */(7.«7%’*5??6?37‘ (%) "®

~
2
—
-

(d) Find the total distance traveled by the particle from ¢ = 0 to ¢t = 2.

b $ T (g s

I e/

A

2 2
(e sn(ze’)) (U

b %
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2. Attime f, the position of a particle moving in the xy-plane is given by the parametric functions (x(r), y(t)),

where %xt— =%+ sin(3t2). The graph of y, consisting of three line segments, is éhown in the figure above.

At t = 0, the particle is at position (5, 1).

(a) Find the position of the particle at ¢ = 3.

ay
\[’ A .4
dr» - _{_1 ;_C‘,m(tatlj ,((_,
ik ut = O’y
- Qo By o) dx vyl
- Gt el T A
-
aly 6.5 g S
= =T - ipm v
T T, = [0.080
. { #5118 L7 i
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(c) Find the speed of the particle at ¢ = 3.

Speed = [(x'(£)? « W

e,
e s

/ , _—
=J@+S§h 1)+ (0.5)2
- 9.96

£

(d) Find the total distance traveled by the particle from ¢ = 0 to ¢ = 2.

_ N
8. 100!
R
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AP® CALCULUS BC
2016 SCORING COMMENTARY

Question 2
Overview

In this problem students were given information about the motion of a particle in the xy-plane. The position of the

particle is defined as (x(¢), ¥(¢)), where % =+ sin(3t2 ) The graph of y, consisting of three line segments,

and the position of the particle at £ = 0 were also given. In part (a) students needed to find the position of the
particle at ¢ = 3. Students were expected to evaluate 5 + Jj(tz + sin(3t2 )) dt using the calculator to find x(3).
The value of y(3) can be read from the graph. In part (b) students needed to compute the slope of the line tangent
y(3)
X (3)

line segment from ¢ = 2 to ¢ = 4, and the value for x'(3) is found using the calculator. In part (c) students

to the particle’s path at # = 3 by evaluating

The value for »(3) is found by computing the slope of the

needed to find the speed of the particle at # = 3. Students were expected to write the expression for speed,

\/(x’(3))2 +(3'(3))*, and use the calculator to compute this value. In part (d) students needed to find the total
distance traveled from ¢ = 0 to ¢ = 2. Although the general formula for total distance traveled is

2
_[0 \/(x’(t))2 +('(1))* dt, students were expected to write the total distance traveled as the sum of two integrals

since y'(t)=-2 from ¢t =0to ¢ =1, and y'(¢) =0 from ¢ =1 to ¢ = 2. The expression
1 2
_[0 \/(x'(t))2 +(=2)* dt + L J(X'(2))* + (0)* dt is evaluated using the calculator.

Sample: 2A
Score: 9

The response earned all 9 points.

Sample: 2B
Score: 6

The response earned 6 points: 3 points in part (a), no points in part (b), 2 points in part (c), and 1 point in part (d).
In part (a) the student’s work is correct. In part (b) the student calculates Z—; instead of % and did not earn the
point. In part (¢) the student’s work is correct. In part (d) the student presents a single integral for total distance
traveled and earned the first point. The student attempts to present the total distance traveled as the sum of two

integrals. The % in each integrand is incorrect. The student did not earn any other points.

Sample: 2C
Score: 3

The response earned 3 points: no points in part (a), 1 point in part (b), 2 points in part (c), and no points in part
(d). In part (a) the student evaluates x'(3) instead of x(3). The student was not eligible to earn any points. In

parts (b) and (¢) the student’s work is correct. In part (d) the student does not present a correct integral expression
for total distance traveled. The student was not eligible for any points.
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The figure above shows the graph of the
piecewise-linear function f. For -4 < x <12,

the function g is defined by
gx)=[ s ar

(a) Does g have a relative minimum, a relative B 4 /5
maximum, or neither at x = 10 ? Justify

your answer.

(b) Does the graph of g have a point of
inflection at x = 4 ? Justify your answer. -4,-4)

Question 3
4, 4)
10
2 4 6 8 12
(8’ _4) (12. —4)
Graph of f

(¢) Find the absolute minimum value and the
absolute maximum value of g on the
interval —4 < x < 12. Justify your answers.

(d) For —4 < x <12, find all intervals for which g(x) < 0.

(a) The function g has neither a relative minimum nor a
relative maximum at x = 10 since g'(x) = f(x) and

f(x) <0 for 8 < x <12,

(b) The graph of g has a point of inflection at x = 4 since
g'(x) = f(x) is increasing for 2 < x < 4 and decreasing
for 4 < x <8.

(¢) g'(x)= f(x) changes sign only at x = -2 and x = 6.

X g(x)
—4 -4
-2 -8

6 8

12 -4

On the interval —4 < x < 12, the absolute minimum
value is g(—2) = —8 and the absolute maximum value

is g(6) = 8.

(d g(x)<0for-4<x<2and10<x<12.

12 g'(x) = f(x) in (a), (b), (c), or (d)

1 : answer with justification

1 : answer with justification

1:considers x = -2 and x = 6
as candidates

4 )
1 : considers x = —4 and x =12
2 : answers with justification

2 : intervals
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Graph of f
3. The figure above shows the-graph of the pi_gcgwi}se_-‘liqg;ax__.’ fpn,@@ipn i For —4 € x < 12, the function g is defined

by g(x) = [ (s) e

(a) Does g have arélative minimum, a rclaUVc maximum, or r néfther dt x =107 Justify your answer,

g (%) = )
g gloes 0% /JWF o Ff/O“ﬂ/f minimum or

} MO f ’}’)(/L/f)f) o X=(0 becouse g 6O =" tloes
hot change 8/g” ot 1his  Point

(ib) Dogs the graph.of ¢ have a poiﬁt of inflection at x = 4‘7 3us_tify yéur answer.

9"t = £ . -

| £lx)= 9"(x) does change 8ign
0 X=Y4 §0 g does have O polnt of "
nrlection ot +his  poihT . B

"I9p10q STY) pUoAag 1M Jou 0]
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does ot change  8GH At ya o

X ‘qu‘

LR WA

Wl = " TrH="¢

"2\ Adolt = T8

12|

ol fitict = 8
S 08 olt

- 3-%-4= -y

9&3 1%0 O X*'Q ><‘~2
Y=l X&'
andt

X =10

The qbsolute minimum vaolue of 9
on Hhe intervad THEXE 2 (s 8 and the
eI \m \f\w NN \/Odubc of g 1o

(d) For —4 < x < 12, find all intervals for which g(x) < 0.

gl = 0

@LK.)éO s +he
anct

|0 £

9=, Htt)ole £ O

ot %=2 cng x=10
interval s

X+

Y £ 2
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Graph-of if

3. The figure above shows the graph of the: plccevnse—hnear function f For -4< x<12, the fu.ncuon g is dcfmed -

by & x) ﬁ f(t)_dtJ

(a) Does g “havea relative minimum, a relative maximum, -orneither at x = 107 Justify ?our.ansv.ver.
- _ Al e — P
)O - Qb() S 15 et GT XS ID

A s —((\O) > ? . be 9 ) dpes NO* (,\/1(&!“?—2_/
g0 NN
Q(O{Y\ Vo&, Yo ﬂ{,?, ol” g :

pes ok X =10

(b) Does the .graph of g hawve a point of mﬂecmon at x-=47 Iusufy your.answer,
Foy=fLg G pae

. b @@ 0O and 55 M) O
Q\‘(‘»D:O - e <.-L<><<U\ and g‘\"cx)-ﬂO

UJ\W\ L[<><<X

Unauthorized.copying or reuse of g . Continue prob'lem 3 on page 15:
any part of this page is illegal. . 44~ ,
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‘\/

(c) Find: tthsn]ntc minimum value and the absolute maximum value of £ -on: the interval —4 < x < 12.
Justify your answers. L

@m)@)*(l) H)(‘i) ,,(, w)““l
”()a%"ﬁﬁmwj e

o | “S_"m W@ -0
1 [ s AR =Y

“IOPIOd STUl DUOABA:HITIA 10U OcT

(@) For ~4:< x <12, find all infervals for which g(x) < 0.

Y ols MeXS X_‘.é’ aos Mm> X= -2

Teae 20

Unauthorized copying or reuse of
any part of this page isiliegal.
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(8, —4) (12,-4)

Graph of .f
3. The figure above shows the graph of the piecewise-linear function f. For —4 < x <12, the function g is defined
. . ,
by g(x) = [ () .
(a) Does g have a relative minimum, a rélative maximum, or neither at x = 10 ? Justify your answer.
5'0) = $00)
et gl = ) e grogh ob g s G (ACTHVE WK Ot W20
hemuse e Graga o F nOreGled hefore K= (O onol deweo.ces giiar %310

(Tl 20 ($ 6 i pxj;é}mfk“.,

(b) Does'the graph of g have a point of inflection at x = 4 7 Justify yéur'answer.
513 = £1)

%‘ﬁ(i SMOQ = _Q* (“i)' ’ v 6"3‘-?‘“ e 81 ‘na s A _",,'1'?{6{"5"@4 ?%*i wh oy =Y

becounl tv g o € moleaces hebov Y= 4 qnol decre(ed  Ovlan
)

Y= Y.

it

‘isfuoq SIY) PuoA9q 2111M J0U O(]
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(¢) Find the absolute minimum- valuc andthe absolute maximum value of g on the interval —4 Sl
Jusufy your answers. ‘ O
; : ‘ (7
15 owel owenluB.  waswiatem U ) =2
&WSD&\F&_, \E\I\C&%\’%\EM f"‘l L B ”3 ool GYs0

T pesoludr valwd oV Yot LA Wtina &b 6"" 0 Grace
lJ{_. !9 \ A u\

h' rs foun 8L bg,j 5]‘[}(} = #(x) =0-

v

(d) For —4 £ x <12, find all intervals for which g(x)< 0.

F i 5 < ¢ o kY LS C:_ ,\
SO0 T5 Checr@smg ialen gix) i €0 el gOU B EU

r

juce g0 = £01) ma g )= £109, we know et

[ cx (o ol (0N ST LOE T vty MEAVO

: P g ,Pf v G{ ’§<<h§
Where et g onol g Oy vy (3 A8 2 ‘

ore oleCreasny (nowmg tha Sowe 86 )
. v
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AP® CALCULUS AB/CALCULUS BC
2016 SCORING COMMENTARY

Question 3
Overview

In this problem students were given the graph of f, a piecewise-linear function defined on the interval [-4, 12]. A

second function g is defined by g(x) = J;x f(¢) dt. In part (a) students needed to determine whether g has a

relative minimum, a relative maximum, or neither at x = 10, and justify their answer. Using the Fundamental
Theorem of Calculus, students needed to recognize that g'(x) = f(x) for all x in the interval [—4, 12]. Since
g'(10) = f(10) = 0 and f(x) < 0 for [8,12], the First Derivative Test may be applied to conclude that there is

no relative extremum at x = 10. In part (b) students needed to determine whether the graph of g has a point of
inflection at x = 4, and justify their answer. Since g'(x) = f(x), the graph of g has a point of inflection at x = 4

because f changes from increasing to decreasing at x = 4. In part (c) students needed to find the absolute minimum
value and the absolute maximum value of g on [—4, 12]. Since g'(x) = f(x), students were expected to find

relative extrema of g by identifying x-values where f changes sign. The absolute extrema occur either at the
endpoints of the interval or at the relative extrema. By comparing the values of g at the four candidate x-values,
students choose and justify the absolute extrema. Properties of the definite integral and the relation of the definite
integral to accumulated area must be used to find the values of g. In part (d) students needed to find all intervals in
[—4, 12] for which g(x) < 0. This part also required properties of the definite integral and the relation of the

definite integral to accumulated area.

Sample: 3A
Score: 9

The response earned all 9 points. The student earned the g'(x) = f(x) point in part (a). In part (a) the student
earned the point with justification “ g'(x) = f(x) does not change sign at this point.” In part (b) the student
earned the point with justification “ f'(x) = g"(x) does change sign at x = 4.” In part (c) the student identifies

the absolute minimum and absolute maximum values with a candidates test that uses the necessary critical points.
In part (d) the student gives the two correct closed intervals.

Sample: 3B
Score: 6

The response earned 6 points: 1 point for g'(x) = f(x), 1 point in part (a), no points in part (b), 3 points in part
(), and 1 point in part (d). The student earned the g'(x) = f(x) point in part (a). In part (a) the student earned
the point with justification “ g'(x) does not change from pos to neg or neg to pos at x = 10.” In part (b) the
student gives the correct answer but includes an incorrect statement that g”(4) = 0. In part (c) the student earned

the first 2 points. The student does not identify the absolute minimum as —8 or the absolute maximum as 8. The
student earned 1 of the 2 answers with justification points. In part (d) the student does not include the endpoints of
the intervals, so 1 point was earned.

Sample: 3C
Score: 3

The response earned 3 points: 1 point for g'(x) = f(x), no points in part (a), 1 point in part (b), 1 point in
part (c), and no points in part (d). The student earned the g'(x) = f(x) point in part (a). In part (a) the student has

© 2016 The College Board.
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2016 SCORING COMMENTARY

Question 3 (continued)

an incorrect answer. In part (b) the student’s work is correct. In part (c) the student earned the first point by
identifying x = -2 and x = 6 in the second line. The student earned no other points. In part (d) the student has
an incorrect interval (6, 10) that has no values where g(x) < 0.
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Question 4

Consider the differential equation D _ x* - 1 V.

dx 2
2
(a) Find d—;} in terms of x and y.
dx
(b) Let y = f(x) be the particular solution to the given differential equation whose graph passes through the
point (-2, 8). Does the graph of f have a relative minimum, a relative maximum, or neither at the
point (-2, 8) ? Justify your answer.

(c) Let y = g(x) be the particular solution to the given differential equation with g(—1) = 2. Find

. (M

3(x+1)°

x——1

j. Show the work that leads to your answer.

(d) Let y = h(x) be the particular solution to the given differential equation with /(0) = 2. Use Euler’s
method, starting at x = 0 with two steps of equal size, to approximate %(1).

2 2
(a) 2—%’:2x—%2—£=2x—%(x2_%y) Z:Z—gintermsofx and y
X x
(b) % =(-2)* - % 8=0 2 : conclusion with justification
(x’ y)=(—2, 8)
2
Ty =2(—2)—%((—2)2—%-8)=—4<0
B (x, n)=(-2,8)
Thus, the graph of f has a relative maximum at the point (-2, 8).
(¢) lim (g(x)=2)=0and lim 3(x+ 1> =0 5. [ 2+ L’Hospital’s Rule
e e “| 1:answer
Using L’Hospital’s Rule,
fim | £ =2 _ g (—g () j
=1 3(x +1) x—>-1{ 6(x +1)
lim g'(x) =0 and lim 6(x+1)=0
x—-1 x—-1
Using L’Hospital’s Rule,
o 8(x) V\_ (g _2_ 1
xll>n—11(6(x + l)j B xlgr—ll( 6 a 6 B 3
1 ' 1 1 3 ) )
d) & 5= h(0)+ h (0)5 = 2+(—1)-5 =5 5. 1 : Euler’s method
" 1: approximation
D (L) Lo 3, (1) 15
h(1)~h(§)+h(§) 272 ( 2) 274
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4. Consider the differential equation gxy— =x? - % .
, ‘

(a) Find % in terms of x and y.

(b) Let y = f(x) be the particular solution to the given differential equation whose graph passes through the
' point (-2, 8). Does the graph of f have a relative minimum, a relative maximum, or neither at the
point (<2, 8) ? Justify your answer.

dn | N AR C))
‘0/ ,

ERN )
=—4-242= ~4
bu )

Eﬁ" = (;» )l. 'iLg/):

R Ly o .
e G-t =0 £ et o Ve o, ot

—

\3@\\“9\, (Q.fé\) e Lom SR %%2 =5}

w 29 ad 2D 20w (2D,

Unauthorized copying or reuse of Continue problem 4 on page 17.
any part of this page is illegal. ~16- .
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(c) Let y = g(x) be the particular solution to the given differential equation with g(—1) = 2. Find

=9 .
lim &2 . Show the work that leads to your answer.
x—-1 3(x + 1)

— lwh OC(} —2
X‘?"\&gc "\'\B ‘
v Eff_)/_ k
x> —\ \B
_5.7,b<'\

W / ’__a_,_[_:-@—-—"
S )

il

o]

("‘\
e

— ‘»e‘ﬁ.’? | =11 =0

Y

——

Do not write beyond this border.

(d) Let y = h(x) be the particular solution to the given differential equation with 4(0) = 2. Use Euler’s
method, starting at x = 0 with two steps of equal size, to approximate h(1).
!
52!—5 \ T ?&Cl}

noEy 2+ Y Mlond oy
= =05
- \\6 ﬁ("H

‘r\(\.} = o (0 «5\ (*%/‘3 i (O\S\L%B
= 15 — 00D _ (2-3 2,(« \

= 2% = 4 =
— o
-2
Unauthorized copying or reuse?‘ GO ON TO THE NEXT PAGE
any part of this page isillegal. A7-
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4. Consider the differential equation %— =x% - % Y.

2
(a) Find g:)— in terms of x and y.

2

!
e
a¥
2
P
— < o Ly
ax? ¢

y LBl
8 . F 2y = ”;.(X ?%)
ey

(b) Let y = f(x) be the particular solution to the given differential equation whose graph passes through the
point (-2, 8). Does the graph of f have a relative minimum, a relative maximum, or neither at the

point (-2, 8) 7 Justify your answer. A
R AL dy v KPTRD
LRV e o H

oY, é_/——+—~~—“..'§> -1
s * by - ><7/ T2
a2
' N " > fo3 2
y A (L -1 (g o
@ vk :;“ ( PN g0 - C};‘O v 2% )
!
% ey O <
@x- -3 >
@ y: O
Unauthorized copying or reuse il. Continue problem 4.0on page 17
any part of this page is illegal. -16-
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N

(c) Let y = g(x) be the particular solution to the given differential equation with g(—1) = 2. Find
2

B - |
lim —ngz . Show the work that leads to your answer. 9 g Ady?
x=-1\ 3(x + 1) (
. L'H’OP H
U \»-\ap\@ \

a U
-2 ' (x) Hm ‘L&il _ Tz .-
i Q02 L | baa M_LT:; S Tz -
x>ty \ B0 b 37T et el S o 3

) \ .
L%y 2 2605 (B0 AR
Ayt o H <O

s e ,)\/(/\—\
2

(d) Let y = h(x) be the particular solution to the given differential equation with #(0) = 2. Use Euler’s
method, starting at x = 0 with two steps of equal size, to approximate A(1).

al(@:— D-JZ(13 -~k

wio) = 2 _ .5
h(Oé}ST Q¥ A =4 (o.S\)(’\\ = & j'("®?(£8)7“:'20'5>
Wiz 15+ max= Rs (0S¢, S)~ 2727 (35 Fe28T - 7G -
.% "
A2
e
Unauthorized copying or reuse ofJ GO ON TO THE NEXT PAGE.
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4

{( 4

4. Consider the differential equation % =% - -;- Y.
2
(a) Find <2 in terms of x and y.
r\%‘_

a*Y _ 9y -3

(b) Let y = f(x) be the particular solution to the given differential equation whose graph passes through the
point (-2, 8). Does the graph of f have a relative minimum, a relative maximum, or neither at the

point (-2, 8) ? Justify your answer.
SRS a% (-2, ) LR B | |
the qraph oF F has o reiafive makimum
o the pint (71 8)

Do not write beyond this border.

(ﬁ) - (-4 -3¢ P“?‘nz the graph gocd
ax | (-3.9) / from  \neYe Wing P
decregiing  ar (<28), Je
fly » _ a2 & eyt the puint 10 Q
- P = ‘, '4 - Jd o 3 .
a | (&, ¢ de relghve  moimum.
I:.Jnauthorized.copying or reuse of Continue problem 4 on page 17.
any part of this page is illegal. -16-
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(c) Let y = g(x) be the particular solution to the given differential equation with g(~1) = 2. Find

lim L()i)——_—% . Show the work that leads to your answer.
=1 3(x +1)

-1 [1m /3
LM ——Of——— > : ( t)

dy

"

1)

(d) Let y = h(x) be the particular solution to the given differential equation with 4(0) = 2. Use Euler’s
method, starting at x = 0 with two steps of equal size, to approximate h(1).

5P Size = ’/;__. |
h(%) = hio) + (00-5@)()

(
h(5) =2+ (2) 73
by s h(5 + () () (2

3 ( L .3
h()= 3" L% 5% ’
3 o+ . b1 3
7 4 £ 4 i
~ B
h(l) > =
4
tlnauthorlzed copying or reuse of GOONTO THE NEXT PAGE
any part of this page is lllegal. 47-
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AP® CALCULUS BC
2016 SCORING COMMENTARY

Question 4

Overview

In this problem students were presented with a differential equation Y =x? - % y. In part (a) students needed to

dx

2
find the second derivative % in terms of x and y using implicit differentiation. In part (b) students were given
X
that y = f(x) is the particular solution to the differential equation whose graph passes through (-2, 8). Students
2
needed to use both % and % to determine if the graph of f has a relative minimum, a relative maximum, or
x

neither at the point (-2, 8), and justify their answer. In part (c) students were given that y = g(x) is the
particular solution to the differential equation with g(—1) = 2. Students needed to compute a limit. After
indicating that L’Hospital’s Rule is required, students were expected to apply L’Hospital’s Rule twice. In part (d)
students were given that y = h(x) is the particular solution to the differential equation with 4(0) = 2. Students
needed to use Euler’s method, starting at x = 0 with two steps of equal size, to approximate A(1).

Sample: 4A
Score: 9

The response earned all 9 points.

Sample: 4B
Score: 6

The response earned 6 points: 2 points in part (a), no points in part (b), 3 points in part (c), and 1 point in part (d).
In part (a) the student’s work is correct. In part (b) the student correctly evaluates the first derivative at (-2, 8).
The student does not consider values of the second derivative and was not eligible for any points. Note that for
this problem, use of the First Derivative Test to justify a correct conclusion is very difficult. The Second
Derivative Test is much more appropriate here. In part (¢) the student’s work is correct. In part (d) the student
finds a correct approximation for 4(0.5) and sets up a second iteration of Euler’s method. The student earned the

first point. The student makes an error in computing the second iteration and has an incorrect approximation.

Sample: 4C
Score: 3

The response earned 3 points: 1 point in part (a), no points in part (b), no points in part (c), and 2 points in part
(d). In part (a) the student differentiates correctly with respect to x and earned 1 point. The student does not
present the second derivative in terms of x and y. In part (b) the student correctly evaluates the first derivative at
(=2, 8). The student does not consider values of the second derivative and was not eligible for any points. Note
that for this problem, use of the First Derivative Test to justify a correct conclusion is very difficult. The Second
Derivative Test is much more appropriate here. In part (¢) the student makes an incorrect attempt to evaluate the
limit and earned no points. In part (d) the student’s work is correct.
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Question 5

The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height 4,

the radius of the funnel is given by » =

(a)

20

Find the average value of the radius of the funnel.

(b) Find the volume of the funnel.

1 (3 +h ) where 0 < /4 <10. The units of » and 4 are inches.

(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is

h = 3 inches, the radius of the surface of the liquid is decreasing at a rate of % inch per second. At this

instant, what is the rate of change of the height of the liquid with respect to time?

(a)

(b)

(c)

10 1 3 10
Average radius = IOI 3 h )dh = 200{3%1 L
1 1000 109 .
200((30 3 ) 0)‘ G0 M
Vol ! 3+ 4 2dh T 4 6n2 + 1*) dh
oume_ﬁfo ((25) (3 22)) =2 (0w 60 )
h5 10
3 —_—
400{9h+2h + 5}0
100000 22097 .
400((90+2000+ 3 )—o) T in
dr _ 1 dh
E‘zo( )dt
1 _3dh
5710 dt
dh 110 _ 2.

G- 5373 n/sec

© 2016 The College Board.
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: answer

: chain rule
: answer

Visit the College Board on the Web: www.collegeboard.org.



P e I PN

5. The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At hcight h,

the radius of the funnel is given by r =

71(-)-(3 + hz), where 0 S h £ 10. The units of » and A are inches.

(a) Find the average value of the radius of the funnel.

et

T =

—

——

Lo 2 .
so0 5 (5thD db
2%;17 CBE'P%?" >

f

= 200 ( >0t ’.._.a>
~ ~— 1nches
bv :
l:lnauthorized copying or reuse :fl Continue problem 5 on page 19.
any part of this page is illegal. -18-
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(b) Find the volume of the funnel.

V= 575.5.,0
/Z;» S ten +A"‘)4Ala
‘faa (qh+2h3 h;) j

qo0 t 2000 -+ 20004‘))

I

ll

'«?—'4';(
22097
ifo

H

;n

(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is

h = 3 inches, the radius of the surface of the liquid is decreasing at a rate of % inch per second. At this

instant, what is the rate of change of the height of the liquid with respect to time?
Y‘ - ‘__.
o (3t h7

:Q‘—“—A_b
- \g/ dt

oo IS
o~

L-2 dh
T 57 e Je
dh _ -

dt - = = theh per Sewi]
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5. The inside of a funnel of height 10 inches has circular cross sectioﬁs, as shown in the figure above. At height &,

the radius of the funnel is given by r = %(3 + hz), where 0 < h < 10. The units of r and A are inches.

(a) Find the average value of the radius of the funnel.

5 (”Uolk —-5@ + K2

Continue problem 5 on page 19.
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(b) Find the volume of the funnel. -

(3R AL =V
%f :?_é(?-i—}l )dh v
© 10 2 fon
- ,__A307L)000 é)
(21 L3 = a0 T3/ cuog;
20 (3}‘ %) _*Z}; an ’ netes

(c) The funnel contains Hquid that is draining from -thebottorﬁ. ‘At the instant when the height of the liquid is
h = 3 inches, the radius of the surface of the liqliid is decreasing at a rate of —é- inch per second. At this
instant, what is the rate of change of the height of the liquid with respect to time?

lUnauthorized copying.orreuse.gt i . V . GO ONTO THE NEXT PAGE.
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5. The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At he‘ight h,
1

the radius of the funnel is given by » = 2—O<J3 + h2), where 0 < h < 10. The units of » and A are inches.

(a) Find'the average value of the radius of the funnel.

s (3+h*) | vlee O<hepo

_ Yl r(0) . P,
F = {0—0 (o = = ("‘CZ‘eS)‘

\[

Unauthorized copying or reuse of Continue problem 5on page 19:
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(b) Find the volume of the funnel.

V= fPnpidh  =wfy (2E)

- : &~
(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is
h = 3 inches; the radius of the surface of the liquid is decreasing at a rate of % inch per second. At this
instant, what is the rate of change of the height of the liquid with respect to time?

3
=750 t7>o

GO ON TO THE NEXT PAGE.
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AP® CALCULUS AB/CALCULUS BC
2016 SCORING COMMENTARY

Question b
Overview

In this problem students were presented with a funnel of height 10 inches and circular cross sections. At height 4

the radius of the funnel is given by » = %(3 + h? ), where 7 and /& are measured in inches. In part (a) students

10
needed to find the average value of the radius of the funnel. This required evaluating %Io %0(3 + hz) dh by

finding an antiderivative. In part (b) students needed to find the volume of the funnel. By incorporating the fact
that the cross sections are circular, the students were expected to set up and evaluate an integral of the form

10 2
7Z'J dh = ﬂj (( 5 0)(3 +h )) dh. In part (c) students were given that the funnel contains liquid that is
0

draining from the bottom. When the height of the liquid is 3 inches, the radius of the surface of the liquid is

decreasing at a rate of % in/sec. Students were expected to find the rate at which the height is changing at this

instant. To solve this related rates problem, students needed to use r = 3+h ) and take the derivative with

0l
respect to f.

Sample: bA
Score: 9

The response earned all 9 points.

Sample: bB
Score: 6

The response earned 6 points: 3 points in part (a), no points in part (b), and 3 points in part (c). In part (a) the
student’s work is correct. In part (b) the student does not present a correct integrand in the integral for volume and
did not earn the first point. Without a correct integrand, the student was not eligible for the other points. In part (c)
the student’s work is correct.

Sample: bC
Score: 3

The response earned 3 points: no points in part (a), 1 point in part (b), and 2 points in part (c). In part (a) the
student does not present an integral and did not earn the first point. Without presentation of an integral, the
student was not eligible for the other points. In part (b) the student presents a correct integrand in the integral for
volume and earned the first point. The student does not antidifferentiate correctly and did not earn the second
point. The student was not eligible for the third point. In part (c) the student uses the chain rule correctly to find
an equation relating % to % and earned the first 2 points. The student does not solve for % and did not earn

the third point.
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Question 6

The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

Itis known that /(1) =1, f'(1) = —%, and the nth derivative of f at x =1 is given by

£y = (—1)"% for n > 2.

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.

(b) The Taylor series for f about x = 1 has a radius of convergence of 2. Find the interval of convergence.

Show the work that leads to your answer.

(c) The Taylor series for /" about x = 1 can be used to represent f(1.2) as an alternating series. Use the first

three nonzero terms of the alternating series to approximate f(1.2).

(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).

(a)

(b) R

(c)

(d)

S =1 f()=-7, ()= Lz 71y = —2
1
S =1 -

f(x)=1—%(x—1)+22 3(x—1)3+---

+%(x -1)" +

= 2. The series converges on the interval (-1, 3).

.. 1 1 1
Whenx——l,theser1651sl+l+§+§+z+---

Since the harmonic series diverges, this series diverges.

_ esis o1+l oLy
When x = 3, the series is 1 1+2 3+4+ .

Since the alternating harmonic series converges, this series
converges.

Therefore, the interval of convergence is —1 < x < 3.
f12)~1- %(0.2) n %(0.2)2 = 1-0.1+0.005 = 0.905

The series for f(1.2) alternates with terms that decrease in
magnitude to 0.

7(12) - 1,(12)] <

3000 = 0.001

N
—_ e e

: first two terms
: third term

: fourth term

: general term

1 : identifies both endpoints
1 : analysis and interval of convergence

1 : approximation

1 : error form
1 : analysis
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6. The function f has a Taylor series dbout x =1 thatconvergesto .f(x). for"a"ll'-~~x ‘insthe-dnterval-oficonver
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(a) - Write the first four nonzero. terms and thes general term of the Taylor senes for f about Xi=. £ L |
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(c) The Taylor. senes for if about x =1 can'be used to represent if (1 2) as. an altematmg semes Use t_he ﬁrst
three. NONZEro terms of the: alternatmg series 0. approxunate (L. 2) '
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(d) Show that the apprommatloil0 (QUIld in part (c) is Wlthm G 001 of the exact value of f (1 2)
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| of 2

6. The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

. — !
It is known that £(1) =1, f(1) = —%, and the nth derivative of f at x = 1 is given by f"(1) = (—1)’4”71ll
for n 2 2.

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.
\ ¢ 2'(\\‘) - L
co— . % q

. i
L= = (x-\) ~
= A ¢ (ye - L
L‘\

, - - ¢
\ \ i ) 3 5 ¢
_ = (A H S (x- -\ 2 (x-\)
-3 00 (0 ) [T a5 0D
2.\ 3 “y,

(b) The Taylor series for f about x = 1 has a radius of convergence of 2. Find the interval of convergence.
Show the work that leads to your answer.

YZ im \C\“"\ -
D —
n~e0d
An
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(c) The Taylor series for f about x = 1 can be used to reptesent f (1.2) as an alternating series. Use the first
three nonzero terms of the alternating series to approximate f(1.2).

\ | =
} o 22 -\ o (a2=}
‘=202 e BU2D ey
Z\

»

(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).
-1 > .

g ll2-)

DA

G

£ 0ol

Connpr b oprecie( Yan  tle neX k

exger
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6. The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

—1)!
It is known that f(1) =1, f/(1) = —%, and the nth derivative of f at x = 1 is given by (1) = (-1)" (”—2,11)—
for n > 2.

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.

| \ AR VA S
7£’~{X3 I - ‘/Z{IX“E" M/’(i‘w - /L{é;,>“

!
/ -
LN

z) z
F20Y ) Q—Z /4
3 ) \3 F=a- ! ) S
g’:‘( >{i¥\).‘<,a>« éi;l_; -%/%' %/iq

(=

(b) The Taylor series for f about x = 1 has a radius of convergence of 2. Find the interval of con{}ergence.
Show the work that leads to your answer.

4 "
n (B0
p(): 4 1Y ;.—g;}f %

L o N \
' "(2\;?)\‘ ( ’/(Y\‘\Y‘){

hm (n)!‘ /_y,_,\\na.l
| R,

i i

n e i é‘h')n"‘ \
Jivn _________l’! (X-!)
) —Re CQ h

(-, =)
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(¢) The Taylor series for f about x =1 can be used to represent f(1.2) as an alternating series. Use the first
three nonzero terms of the alternating series to approximate f(1.2).

{ZMZM - e (%) (Al ‘\5 | iQ‘f

Hll?—d- ~Veloz) /B(O.my
F{/“?—S"" ‘ +o.ou/8

(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f (1.2).
| fray - 12| £ 0.00)

“_O;H 9.04 _,‘;\ _¢ 0.00\

T
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Question 6
Overview

In this problem students were presented with a function f that has a Taylor series about x =1 that converges to
f(x) forall x in the interval of convergence. The values of f, the first derivative of £, and nth derivatives of f at

x =1 are given. In part (a) students needed to write the first four nonzero terms and the general term of the
Taylor series for f about x = 1. In part (b) students were given the radius of convergence and asked to find the
interval of convergence. Since the series is centered about x = 1 with a radius of convergence of 2, students were
expected to determine if the series converges at the endpoints x = —1 and x = 3. Students needed to use
knowledge of the harmonic series and alternating harmonic series. In part (c) students were expected to use the
Taylor series found in part (a) to represent f(1.2) as an alternating series, and then use the first three nonzero

terms of the alternating series to approximate f(1.2). In part (d) students were expected to show that the
approximation from part (c) is within 0.001 of the exact value of f(1.2). The error of this approximation is
bounded by the magnitude of the fourth term of the series for f(1.2).

Sample: 6A
Score: 9

The response earned all 9 points. In part (a) the student presents the first four nonzero terms and a simplified
version of the general term. In part (b) the student identifies the endpoints, substitutes the values into the series,
correctly simplifies and identifies each series for the analysis, and presents the correct interval of convergence. In
part (c) the student correctly substitutes into the first three terms and correctly evaluates to obtain the
approximation. In part (d) the student correctly uses the next term as a bound on the error and compares the value
to 0.001.

Sample: 6B
Score: 6

The response earned 6 points: 3 points in part (a), no points in part (b), 1 point in part (c), and 2 points in part (d).
In part (a) the student correctly presents the first four nonzero terms of the series to earn the first 3 points. The
student does not present a general term. In part (b) the student does not identify the correct endpoints and did not
earn either point. Note that with a given radius of convergence R, it is not necessary for the student to use the
ratio test to determine an interval for consideration. The student could have started this problem by considering
(1= R, 1+ R). In part (c) the student’s work is correct. The student uses the first three terms of the series to

produce the correct approximation for f(1.2). In part (d) the student correctly uses the next term as a bound on
the error and compares the value to 0.001.

Sample: 6C
Score: 3

The response earned 3 points: 2 points in part (a), no points in part (b), 1 point in part (c), and no points in

part (d). In part (a) the student correctly finds the first three nonzero terms of the series and earned the first 2
points. The student has an incorrect coefficient for the fourth term. The student does not present a general term. In
part (b) the student does not identify the correct endpoints and did not earn either point. In part (¢) the student’s
work is correct. The student uses the first three terms of the series to produce the correct approximation for
f(1.2). In part (d) the student does not present a correct error form.
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